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In conclusion we would like to emphasize that the method
itself being a numerical integration of differential equation
can be applied for a variety of different problems. We note
also that the basic unknown is the highest derivative appear-
ing in the governing differential equation. Hence, the pro-
posed numerical procedure involves numerical integration
rather than numerical differentiation (as in case of the finite
difference method). Tt is, therefore, not surprising that the
obtained acecuracy for the same number of equations is of
superior accuracy in comparison with methods based on
numerical differentiation.*
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Introduction

IBRATIONS of sandwich plates have been treated by

many investigators. However, all of these investiga-
tions pertain to the analysis of rectangular plates; and, to
our knowledge, no investigation of vibration of ecircular
sandwich plates exists to date. A comprehensive literature
survey (through 1965) may be found in Ref. 1.

The purpose of this Note is to obtain the fundamental
natural frequencies of clamped and simply supported circular
sandwich plates. The governing equations are developed by
means of a variational theorem. For convenience of practical
applications, the results are presented in a graph in terms of
nondimensional parameters.

The assumptions made in the present analysis are: 1) the
face members are treated as membranes; 2) the face layers
may be made of different materials and unequal thickness,
however the Poisson’s ratio is assumed to be the same;
3) both the core and face layers are considered to be isotropic;
and 4) the core is assumed to take only the transverse shear
stress. :

Analysis

Consider a circular sandwich plate of radius e, core thick-
ness ks, and two facings of thickness A and A Figure 1
shows a typical element of the sandwich plate. Since the
fundamental frequency of vibration is the prime objective,
the problem can be reduced to one of rotational symmetry.

The total energy of the entire plate can be separated into
the following three parts:
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1) The kinetic energy due to the deflection,
1 a .
T = 527r_]:) pw, 2dr @)

where p is the surface density, w the deflection, and comma
denotes differentiation.
2) The strain energy due to displacement of the facings,
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where u; is the displacement at the center of the 7th face in
the radial direction, and E; and h; are the elastic modulus
and thickness of the ¢th facing, respectively.

3) Strain energy in the core due to shear deformation,

1 ol U — u 2
U,,=§27rc;h3f0 [ L= 1+w,,] dr 3)

where @ is the shearing modulus of the core and ¢ is the dis-
tance between the middle planes of the facings.
The Lagrangian is then given by

L=T-Us—"U, @)

Taking the variation of L, i.e., L = 0, leads to the Euler
equations
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Substituting the resulting equation obtained by differenti-
ating Eq. (5) and dividing by G#s into the difference between
Eqgs. (7) and (6) yields

o= ((5}5)2 W, — %a% (b_ar + %) W, — w, (8)

where
a = (ug — w)/e (9a)
D = E\Eouhsc?/(1 — v¥)(Eily + Eshy) (9b)

Substituting Eq. (8) into the Euler equations reduces Egs.
(5, 6, and 7) to one equation in w,

Viw = —(p/D)w, + (p/Ghs)Vw, . (10)
where
V2 = 0%/0rt 4+ (1/7)0/0r

V4 i VZ,vZ (11)



2354 ATAA JOURNAL

YIMPLY |SUPPORTED \
'

. R i ;

- B

0.05 ~ H”!‘“”" R i
i —_— |

i A

7 ! i

- |

Fig. 2 Nondimensional frequencies vs rigidity.

The corresponding boundary conditions at r = a are
a+w,=00rw=20 (12a)
o+ W/r)a =0o0ra =20 (12b)
Assuming a harmonie solution of the form
w = Re* (13)
where R is some function of r only, reduces Eq. (10) to

V2 — B2][V2 + BPR = 0 (14)

where

1 pw2 1 pw2 2 pw2 1/2
2 - _ = P¥ - P P
B 50k 2 [(Gm) T4 ] (152)

1 pw2 1 pw2 2 pw2 1/2
2 . ot el .
Bt =3 Gl T 2 [(Gm) T4 ] (15b)

The general solution of Eq. (14) is
R = AJo(Br) + A:Yo(Byr) + Aslo(Bir) + AKo(Bir)  (16)

where A; through A4 are arbitrary constants and Jo, Yy, Iy,
and K, are, respectively, the Bessel Functions of the first
and second kind and the Modified Bessel Functions of the
first and second kind of order zero. Since Yo and K, are
singular at r = 0,

Ay = A= 0 an

The characteristic equation can be obtained by considering
the specific boundary conditions. First consider a clamped
supported. The boundary conditions at r = a are

w=0and e =0 (18)
Applying Eqgs. (18) evaluated at r = a to Eq. (16), using

the Recurrnce Formulas for the derivates of the Bessel
Functions, and setting the determinant of the coefficients
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on A; and A; to zero yields the characteristic equation
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Ne? — A2
where
A= aB (20a)
A = af: (20b)

It should be noted that A; and As; are dimensionless param-
eters. The relationships between A; and A are

A2 — A2 = (po?/Ghs)a? (21a)
%+ A2 — (W2 — N2 B % \
200 — N =730 (21b)
Mt — A2N? + Agt _ 8_60_2 %3 2
MNE— NE <Gh3 - D) ¢ 1)

Thus by knowing the physical eonstants of the sandwich
plate, it is possible to solve for the frequency once A and Ag
are known.

Next consider a simply supported sandwich plate. The
boundary conditions at r = a are

w=0and a, + @/r)a =0 (22)

Using the same procedure as outlined for the clamped condi-
tion leads to the characteristic equation
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Results and Conclusions

The fundamental frequency is obtained for the smallest
positive roots of the characteristic equations. Figure 2 shows
the plot of Ns2 — N 2and

4N — N3
(M2 4 AD)2 — (N2 — M2

ie., Eq. (21a) plotted as the abscissa and the reciprocal of
Eq. (21b) plotted as the ordinate and using » = 0.3. It
should be noted that when Eq. (21b) equals zero the shear
rigidity is infinite and thus the frequency obtained is for
a single-layer isotropic circular plate without shear deforma-
tion. The numerical results obtained for this special case
agree with those obtained by Pandalai and Patel? for the
isotropic plate. When Eq. (21b) becomes very large, the
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deformation is entirely due to shear. Thus the two plots
coincide for large shear deformation, as they should.
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Effect of Varying Wall Temperature
and Total Temperature on Transition

Reynolds Number at Mach 6.8
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Nomenclature

Mach number

pressure, psia

heating rate

Reynolds number

temperature, °R

velocily, fps

longitudinal distance from model leading edge, in.
boundary-layer thickness, in.

1 T T O [

Subscripts

adiabatic wall conditions (turbulent flow)
boundary-layer edge conditions

stagnation conditions

beginning of transition

tunnel wall temperature

beginning of turbulent flow (peak heating point)
model wall temperature

freestream conditions

AR R
L VT

Superscripts

~ = root mean square

Introduction

T hypersonic speeds there is much confusion regarding
the trend of transition Reynolds number with wall-to-
total-temperature ratio.!™* An investigation of this effect
was therefore undertaken at M. ~ 6.8 over a comparatively
large range of wall-to-total-temperature ratio in the Langley
M, =~ 20 22-in. helium tunnel. To obtain different levels
of T./T, investigators using conventional wind tunnels
generally vary model wall temperature,? whereas investi-
gators using facilities such as shock tunnels and ranges®+*
generally vary stagnation temperature. In the present
study, both T, and T, were varied while holding Mach
number, Reynolds number, and T./T, constant. This was
done because it was thought that wall cooling might stabilize
the boundary layer, whereas changing total temperature
might prove destabilizing by altering the facility’s distur-
bance level. Wagner et al.,® have shown that in unheated
flow the freestream disturbance level in the 22-in. facility is a
result only of sound radiation from the turbulent nozzle
wall boundary layer; however, heating the flow could alter
the tunnel’s noise level and or introduce additional disturbance
modes such as temperature spottiness. The helium wind
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tunnel is unique in this ability to operate at 3., ~ 20 utilizing
both heated and unheated flow.

Test Facility, Model, and Techniques

Experiments were conducted in the Langley M. =~ 20
hypersonic helium tunnel. This tunnel has a contoured
nozzle and a 22-in.-diam test section. For the present in-
vestigation, the model was supported from a floor mount.
The freestream Mach number in the test core, though con-
stant at any given stagnation pressure, varied with stagna-
tion pressure from a low of 20.1 at 1015 psia to 21.4 at 2515
psia. A calibration and description of the facility is given
in Ref. 6. The local inviscid Mach numbers specified in
this study were verified experimentally by static pressure
and Pitot pressure measurements at the boundary-layer
edge. Test conditions are summarized in Table 1, which
includes the freestream disturbance levels measured by
Wagner® with a hot wire anemometer in unheated flow
(attempts in that study to repeat the hot wire measurements
in heated flow were unsuccessful because of repeated wire
failures).

The transition model was a sharp leading edge (0.002 in.
thick), smooth, flat plate 21 in. long and 14 in. wide. The
plate was set at 10° angle of attack; the local Mach number
was therefore about 6.8. The model was fabricated of AISI
405 stainless steel with a wall thickness of about 0.030 in.
and had swept end plates. This was the same model used
in Cary’s study? and a more complete model description
can be found in this reference. Thirty-four thermocouples
placed along the model centerline and spaced about 0.5 in.
apart were used to determine heating rates and, thence,
transition loeation. The rate of surface temperature rise
was obtained from a second-degree ecurve fit (by the method
of least squares) to the temperature time data for a 0.5-sec
time interval starting about 2 sec after flow was established.
The length of the run was about 6 sec. Conduction errors
were checked and found to be negligible. The beginning of
transition (R.,.). was defined as the point where the ¢ vs
R... curve departed from a laminar % power slope, whereas
the beginning of turbulent flow (end of transition) (R..)r
was taken as the peak heating point.

To avoid the problem of frost formation on the model’s
surface, a 0.002-in.-thick Mylar sheet was placed over the
entire surface of the model such that no air gaps existed be-
tween the surface and the Mylar sheet. The tunnel was
then evacuated to a pressure of about 0.2 mm Hg, and the
model internally cooled with liquid nitrogen to the desired
wall temperature (generally uniform within +=10°R). The
gaseous nitrogen was re-routed out of the tunnel and ex-
hausted to the atmosphere. A frost coating estimated at
about 0.002-in. thickness formed on top of the Mylar cover
when the wall was cooled below 360°R. Immediately before
flow was established, the cover was rapidly removed and the
run started. This procedure enabled runs to be made with
the model completely frost free.

Results

The effect of wall cooling on transition Reynolds number
is presented in Fig. 1 for two unit Reynolds numbers where,
for a given unit Reynolds number and total temperature,
the freestream disturbance level is constant (model wall
temperature was independently varied). For unheated
flow the measured disturbance levels of Ref. 5 are included
in Table 1. Considering first the data obtained in unheated
flow (open symbols), both (R...): and (R..)r are seen to
decrease continuously from T,/T, =~ 0.3 to T.,/T, = 0.8
with no transition reversal evident within this wall-to-total-
temperature ratio range. This is the same trend observed
by Cary.? A further increase past the adiabatic wall tem-
perature ratio to T./T, =~ 0.95, however, results in a pro-
nounced increase in the transition location. In this case
the plate is transferring heat to the flow. The sharp increase



